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Abstract
In order to be able to study dissipation, the interaction between a single system and their
environment was introduced in quantum mechanics. Master and quantum Langeving equations
was derived and, also, decoherence was studied using this approach. One of the most used model in
this field of research is a single harmonic oscillator interacting with an infinite number of harmonic
oscillators. In this work we analytically solve, with the evolution operator method, the Schro¨dinger
equation for this model in the case of resonance. Also we address a different aspect of the quantum
computing with linear optics. That is, we propose the linear bandgap quantum coupler, in the
cases N = 2 and N = 3, to generate a new phase operator Upidp working on the two and three qubits
basis like an alternative realization of a quantum phase gate.
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I. INTRODUCTION
One of the most important characteristics of the standard quantum theory is its restric-
tion to be applied to closed systems, i.e. isolated of environmental influences, because the
Scro¨dinger equations applies only to closed systems. If we take into account these environ-
mental influences then we have an open quantum system and the total Hamiltonian consists
of the Hamiltonian of the open system, its environment (called reservoir or thermal bath
too), and their interaction:
Hˆtot = Hˆsys + Hˆenv + Hˆint. (1)
In quantum optics, and in many other fields, it is of great practical importance the study
of these systems. For instance, that the quantum system interacting with its environment
becomes entangled with it is considered the profoundly quantum cause for decoherence. An
example of an open system is the case of a simple harmonic oscillator interacting with an
infinity set of harmonics oscillators. Physically this situation can be represented by the state
of an electromagnetic field mode inside a cavity. Due to losses trough the cavity mirrors,
photons may leak to the field modes outside which play the role of the environment. In this
















where aˆ and aˆ† are, respectively, the creation and annihilation operators of the single har-
monic oscillator, and, bˆ and bˆ† are the creation and annihilation operators of the reservoir’s
oscillators. In this case, the Schro¨dinger equation is regarded as unsolvable and the physical
community (particularly the quantum opticians) have had developed many instruments to
handle this problem. For example, from equation (2) the following master equation in the
















2aˆ†ρˆaˆ− aˆaˆ†ρˆ− ρˆaˆaˆ†) , (3)
where ρˆ (t) is the open system’s reduced density operator. Equation (3) has been solved
in many ways, see for example references [1, 2, 3, 4, 5, 6] and references therein. Another
way to treat this problem is by using the Heisenberg-Langevin approach [5, 6], where the
dynamical equations are deduced, also, from Hamiltonian (2). Additionally, the problem of
dissipation is handled by introducing phenomenological decay constant [7, 8].
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Both approaches mentioned above, i. e. the master and Langeving equations, focuses
in the single system by tracing out the environmental degrees of freedom [1, 5, 6]. In this
case the universe is divide in two parts: the system and the environment. Therefore, as
the Scrho¨dinger equation applies only to closed system, the von Newman equation is used
for the density matrix of the system. This is the correct and natural way to treat these
systems because the interest and measurements of dynamical variables are focused in the
single system and there is not any interest to know the evolution of the reservoir. In fact,
the common consideration is that the reservoir is not perturbed by the little single system.
However, this raises up the old problem of where to put the line between an open system
and a closed one, or the line between the classical and the quantum realms. We can, for
example, consider that the system plus their environment forms a closed system, and then
the Schro¨dinger equation applies. In fact, this is the approach followed in the field of
stocastic Schro¨dinger equation, see for example the work by Dio´si, Gisin and Strunz [9] (and
references therein) who found the solutions of the total system-environment dynamics for
the harmonic oscillator interacting with a heat bath and other systems.
On the other hand, the most straight way to solve the problem is solving directly the
time dependent Schro¨dinger’s equation, i.e.
|ψ (t)〉 = Uˆ (t) |ψ (0)〉 , (4)






(Hˆsys+Hˆenv+Hˆint) is the called time evolution operator [10, 11].
The common belief of equation (4) is that the determination of the solution is beyond to
reach due to the difficult task to factorize Hˆtot. In this paper, we solve this problem by using
the factorization method of the time evolution operator Uˆ (t) [10, 11] (also see reference
[12]) and apply it on an initial state with the open system in the coherent state |α〉 and
the reservoir states in the vacuum state |0〉. This could be extended easily to an initial
superposition of coherent state.
After that, using the solution found, we present another closed physical example of a quan-
tum coupling device, the bandgap quantum coupler which consists of a central waveguide
surrounded by a number N of waveguides isolated one from another [13, 14] . This device was
proposed and studied by Mogilevtsev et.al [13], in the Heisenberg picture, to obtain a quatum
statistical description of the field dynamics similar to the dynamics of an atom in a photonic
bandgap structure. Particularly, in the case when N −→ ∞ the bandgap quantum coupler
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approach to an open system [13]. We propose an alternative realization of a quantum phase
gate in the linear bandgap quantum coupler, in the cases N = 2 and N = 3, operating on the
two quantum computational basis, {|0, 0〉 , |1, 0〉 , |0, 1〉 , |1, 1〉} , and three quantum computa-
tional basis {|0, 0, 0〉 , |1, 0, 0〉 , |0, 0, 1〉 , |0, 1, 0〉 |1, 1, 0〉 , |1, 0, 1〉 , |0, 1, 1〉 , |1, 1, 1〉}, for quan-
tum computation [15, 16].
II. AN HARMONIC OSCILLATOR INTERACTING WITH THE ENVIRON-
MENT
The coupling between a simple harmonic oscillator and its environment is of great impor-
tance in quantum optics. It serves to model an open system and study the quantum causes
of the loss of coherence. The most common way to determine the open system dynamics is
by master equations which give us the time evolution of the open system’s density operator
∂ρˆ (t)
∂t
= £ˆρˆ (t) , (5)
with £ˆ denoting the generator of this dissipative, non unitary dynamics. This master equa-
tion is of so called Lindblad form, ensuring that general properties of density operators are
preserved under time evolution. Instead of this treatment, here we solve this problem using
the evolution operator method [10, 11] and considering the case of resonance. This method
allows us to find directly the evolution for a simple harmonic oscillator coupled with the
environment and avoids having to deal with the equation (5).
For a simple harmonic oscillator interacting with its environment the state of the total
system at time t is given by integrating the Schro¨dinger equation with the Hamiltonian given
by equation (2), that is:


















|ψ (0)〉 , (6)
where λ ≡ −it. In the previous equation we have considered the resonance case w0 = wj



























































commutation relations corresponds to those obtained for the unidimensional harmonic os-
cillator [10, 11]. Therefore, using the factorization found in references [10, 11], equation (6)
becomes















































A. Evolution of an open system in a coherent state
The state of the total system at time t is obtained by operanting with the evolution
operator according to equation (8) on an arbitrary initial state at t = 0 [10, 11]. In the
next simple example we want to present a remarkable observation concerning the evolution
of a particular initial state where only the open system is in a coherent state |α〉 and the
reservoir states in a vacuum state |0〉 [5, 6], i.e.:
|ψ (0)〉 = |α〉sys ⊗
(




Using the equation (8) to obtain the evolution of the initial state given by equation (10), we









{| [sin(√γ) tan(√γ/2) + 1]α|2/2})
× ∣∣e−itω0 [tan(√γ/2) sin(√γ) + 1]α〉
sys
⊗ (∣∣e−itω0g1α sin(√γ)〉1 ∣∣e−itω0g2α sin(√γ)〉2 . . . ∣∣e−itω0gjα sin(√γ)〉 . . .)env , (11)
where γ = t2Σ∞j=0g
2
j . This particular solution of the Schro¨dinger’s equation possess many
important characteristics. First of all, it is free of entanglement between system and envi-
ronment at any time t due to the solution is disentangled and can be written like a product
state solution of the open system state and the reservoir states. Also, when the argument
of the trigonometric sin function is equal to npi, with n an integer, the total system evolves
towards:
|ψ (t)〉 = cj |3α〉sys ⊗ (|0〉1 |0〉2 . . . |0〉 . . .)env , (12)
and, when the argument is equal to (2n+ 1/2)pi the system evolves towards:
|ψ (t)〉 = cj |2α〉sys ⊗ (|g1α〉1 |g2α〉2 . . . |gjα〉 . . .)env . (13)
Notice that the result of this model, given by equations (12) and (13), means that the reser-
voir is oscillating between a vacuum and a coherent states. Remember that this corresponds
to the resonant case.
Equations (8), (11), (12) and (13) deserves a further study, and we carry out this work
in another paper [17] considering different initial states. In the following of this paper paper
we show another system where a solution like that of equation (8) applies.
III. LINEAR BANDGAP QUANTUM COUPLER
There exist many physical realizable examples of quantum optical coupling devices to
study the interaction and dynamics of the fields. A remarkable consequence of this inter-
action is the emergence of entanglement between the states of total system. Of course, as
is well known this physical phenomenon occurs strictly in quantum physics without classi-
cal counterpart. However, all physical examples mentioned are nothing but a experimental
realization of the damped harmonic oscillator [5, 6].
We present here another physical example of a quantum coupling device like a generator of
entangled states of two and three particles in an intermediate step to produce two quantum
phase gates of two and three qubits for quantum computation. The coupling device is called
the bandgap quantum coupler and consists of a central waveguide surrounded by a number
N of waveguides isolated one from another, so that it is possible an interaction with only the
















where aˆ and bˆj are the annihilation operators of the modes propagating in the central and
jth waveguides, respectively, and aˆ†, bˆ†j denotes the Hermitian conjugate terms. The k0 and
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kj denote wave vectors of the modes in central and surrounding waveguides, and gj is a
real constant describing the linear coupling [13, 14]. If we do not consider dispersion and
assume that propagation constants of the modes are the same, g1 = gN , thus the momentum
operator Gˆ is proportional to the Hamiltonian Hˆ, i. e. Hˆ = cGˆ, where c is the velocity
of light beams propagating in the coupler, and the descriptions based on Gˆ and Hˆ are
equivalent [14]














According to the Schro¨dinger equation (4) the evolution of the state of the bandgap quantum
coupler at any time t is given by


















|ψ (0)〉 , (16)
where we have considered the resonance case w0 = wj. As it can be noted, this equation
has the same form to that obtained in equation (6) except for the limit of the summatory.
Therefore we can obtain an immediate factorization of the corresponding evolution operator
from equation (16) as follows, see references [10, 11]:































where f (t) and g (t) are the same functions found in equation (9) and in this case γ = λ2g21.
It is important to note that in this case the resonant case is not as restrictive as in the case
of the harmonic oscillator interacting with a heat bath. Because, in this case, the number
of surrounding fibers is finite. In fact, we study the case N = 2, 3
A. Constructing a phase operator in the two and three qubits basis
Recent theoretical and experimental studies have shown that quantum entanglement is a
basic resource in achieving tasks of quantum communication and quantum computation. An
attractive physical system for representing a qubit is the photon. Photons are considered to
be the best quantum information carriers over long distances with low loss in optical fibers,
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delayed efficiently using phase shifters, and combined using beam splitters [15, 16, 18]. Those
in entangled states have been used to demonstrate the generation of two inequivalent classes
of three qubits states, the GHZ and W classes [19, 20]. Moreover, they have been used to
experimentally demonstrate quantum teleportation and quantum cryptography [15, 16].
Light fields possess more abundant capacity to create distinct types of entangled states in
comparison with other candidates for generation of quantum entanglement. Here, we want
to address a different aspect of the quantum computing with linear optics [18]. We propose
the linear bandgap quantum coupler, in the cases N = 2 and N = 3, like a generator of a
new phase operator Upidp working on the two and three qubits basis. This is an alternative
realization of a quantum phase gate [15, 16].
Initially we consider the case N = 2 , i.e. two waveguides, in the equation (17) and
operate with the evolution operator on the two qubits basis. For two qubits there are a
total number of four (22) computational basis states, denoted by {|0, 0〉 , |1, 0〉 , |0, 1〉 , |1, 1〉}.
In the following we use the corresponding notation |〉a for the central waveguide and |〉1,|〉2
for the rest of waveguides. Once we have operated with the evolution operator on the 22
quantum computational states we can consider experimental conditions. For instance, if we
consider a particular evolution time t = 2pi/cg1 and an angular frequency w0 = cg1/2 we
obtain the following set of 22 states:
|0〉1 |0〉a −→ |0〉1 |0〉a ,
|1〉1 |1〉a −→ |1〉1 |1〉a ,
|1〉1 |0〉a −→ epii |1〉1 |0〉a = − |1〉1 |0〉a ,
|0〉1 |1〉a −→ e−pii |0〉1 |1〉a = − |0〉1 |1〉a . (18)
The result obtained in equation (18) can be synthesized as follows: if and only if both
qubits are in contrary states, |1〉 |0〉 or |0〉 |1〉, a phase flip happens to the global state and
nothing happens otherwise. This result can be interpreted like the action of a quantum phase
operator working on the two qubits computational basis through the following mathematical
equation:
Upidp |j1, j2〉 = eipi(j1−j2) |j1, j2〉 , (19)
for all |j1, j2〉 ∈ {|0, 0〉 , |1, 0〉 , |0, 1〉 , |1, 1〉}. We will call Upidp the D-phase operator [21]. In
summary we have made a new version of a quantum phase gate operating on the 22 quantum
computational states.
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Another case if we apply the same procedure but now considering the case N = 3,
i.e. three waveguides, in the equation (17) and operate on the three qubits basis. For
three qubits there are a total number of eight (23) computational basis states, denoted by
{|0, 0, 0〉 , |1, 0, 0〉 , |0, 0, 1〉 , |0, 1, 0〉 , |1, 1, 0〉 , |1, 0, 1〉 , |0, 1, 1〉 , |1, 1, 1〉}. In the same way we
choose the evolution time t = 2pi/cg1 and the angular frequency w0 = cg1/2 we obtain the
following set of 23 states:
|0〉1 |0〉a |0〉2 −→ |0〉1 |0〉a |0〉2 ,
|0〉1 |1〉a |1〉2 −→ |0〉1 |1〉a |1〉2 ,
|0〉1 |0〉a |0〉2 −→ |1〉1 |0〉a |1〉2 ,
|0〉1 |0〉a |0〉2 −→ |1〉1 |1〉a |0〉2 ,
|1〉1 |0〉a |0〉2 −→ epii |1〉1 |0〉a |0〉2 = − |1〉1 |0〉a |0〉2 ,
|0〉1 |1〉a |0〉2 −→ e−pii |0〉1 |1〉a |0〉2 = − |0〉1 |1〉a |0〉2 ,
|0〉1 |0〉a |1〉2 −→ e−pii |0〉1 |0〉a |1〉2 = − |0〉1 |0〉a |1〉2 ,
|1〉1 |1〉a |1〉2 −→ e−pii |1〉1 |1〉a |1〉2 = − |1〉1 |1〉a |1〉2 . (20)
The previous result can be synthesized like that obtained in equation (18) as follows: if and
only if one of three qubits is in |1〉 state or all qubits are in |1〉 state, a phase flip happens
to the global state and nothing happens otherwise. In the same sense of equation (19) this
result can be interpreted like the action of a quantum phase operator working on the three
qubits computational basis through the following mathematical equation:
Upidp |j1, j2, j3〉 = eipi(j1−j2−j3) |j1, j2, j3〉 , (21)
for all |j1, j2, j3〉 ∈ {|0, 0, 0〉 , |1, 0, 0〉 , |0, 0, 1〉 , |0, 1, 0〉 , |1, 1, 0〉 , |1, 0, 1〉 , |0, 1, 1〉 , |1, 1, 1〉}.
We will call Upidp the D-phase operator [21]. In summary we have made a new version of
a quantum phase gate operating on the 23 quantum computational states.
IV. CONCLUSION
We have successfully solve the Schro¨dinger equation for the case of an harmonic oscillator
interacting in resonance with a heat bath. Also, we have proposed a new phase gate acting
in the two and three qubit bases.
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